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The effective t ensor s  of e las t ic  moduli  and pl iabi l i ty  were calculated by r eno rma l i z ing  the equations of 
equ i l ib r ium and incompatibi l i ty.  All mul t iphase  in terac t ions  were taken into considera t ion,  but the 
ca lcula t ion  was done approximate ly  by us ing only the s ingular  par t s  of der iva t ives  of Green ' s  functions,  
which is equivalent  to the assumpt ion  of un i formi ty  of the random components of s t r e s s  and s t r a in  fields 
within gra in  boundar ies .  Solutions der ived by two methods are  reconci led,  making it possible  to de te rmine  
the posi t ion of the e las t ic  moduli  of shear  and of bulk K between the Hash in-Sh t r ikman  bounds. P a r t i c u l a r  
cases  in which only the bulk modulus is not uniform,  as well as those of composi te  ma te r i a l s  with all of 
their constituents having the same ratio K : 4#/3 are considered. 

Deformat ion  of inhomogeneous solid bodies is accompanied by the appearance  in the ma te r i a l  of an elast ic  field 
whose random component  is not genera l ly  uni form within the boundar ies  of a grain.  Hence, the re la t ionship  between 
the random and the regu la r  components  of the field is nonloca[ and is defined by a cer ta in  set  of in tegral  operators .  
This nonlocal iza t ion  cons iderab ly  compl ica tes  the problem of calculat ing the effective elast ic  constants  and the 
mul t ipoint  moments  of the e las t ic  field. Only in ce r ta in  pa r t i cu l a r  cases  a quas i -un i fo rm deformat ion produces a 
uniform elast ic  field within the boundar ies  of a grain.  This occurs  with respec t  to the bulk component of the elast ic  
field of a ma te r i a l  fo r  which only the bulk modulus is nonuniform [1] and, also, when laminated s t ruc tu re s  a re  subject  
to s t r a in  [2]. The l imi ted number  of models  of solid media  with uni form s t r e s s e s  and s t r a ins  within the boundar ies  of 
a g ra in  has led to the development  of approximate methods of computation of e las t ic  moduli  and of cor re la t ion  
funct ions for  the e las t ic  field, such as the method of se l f -cons i s t ency  [3, 4], the theory of random funct ions [1, 2, 5-10],  
and others .  

Although the r eno rma l i za t i on  of equations of equi l ibr ium and of incompat ibi l i ty  p e r m i t  in p r inc ip le  an exact 
de te rmina t ion  of effective moduli  of e las t ic i ty ,  the mathemat ica l  difficult ies a r i s ing  f rom the p r e sence  of nonlocaI 
bonds make it imposs ib le  to advance beyond the third approximation [7]. if, however,  an approximation to local izat ion 
is made,  it becomes  poss ib le  to sum all t e rms  of the se r ies .  Summation of se r i e s  in the f r amework  of the 
pe r tu rba t ions  theory was f i r s t  used in the calculat ion of elast ic  moduli  by Bolotin and Moskalenko [11, 12], who had 
introduced for  this purpose  the concept of highly i sot ropic  polycrys ta ls .  KrSner  had used a s i m i l a r  approach in the 
inves t igat ion of e las t ic  p rope r t i e s  of po lycrys ta l s  [13]. 

The method of r eno rma l i za t i on  in an approximat ion to local izat ion applicable to composi te  ma te r i a l s  is 
developed in the following. All mul t iphase  in terac t ions  are  taken into cons idera t ion  in the calculat ion of the effective 
moduli  of e las t ic i ty ,  except that ce r t a in  approximate  express ions  are  subst i tuted for  the exact der iva t ives  of the 
G r e e n ' s  funct ions in the equations of equ i l ib r ium and incompatibi l i ty ,  which is equivalent  to the t rans i t ion  within g ra in  
boundar ies  f rom a nonuniform to a un i fo rm field. The pr inc ip le  of reconci l ia t ion  of solutions [3, 14] obtained by 
var ious  methods pe rmi t s  the de te rmina t ion  of the bulk and shear  moduli of e las t ic i ty  within the Hash in-Sht r ikman 
bounds.  

1. Let us express  the random components  of t ensors  of s t r e s s  r and s t r a in  eij in t e rms  of the i r  regular  values.  
Fo r  an a r b i t r a r y  inhomogeneous l inear  medium,  genera l ly  containing sources  of in terna l  s t r e s s e s ,  the equations of 
equi l ib r ium and of incompat ibi l i ty  may be, respect ive ly ,  wri t ten as:  

Luui  4 - / i  = O, L u ~ V h E ~ l , ~ V  .... ~ht,~ = K6ia6t,~ 4- ~D~azm, (1.1) 

and 

8Pqlm = P~Pcl~)lrn ~-  qDp~tm' P = ~ - '  q = Z-~ ' 

D ~ m  : 6~z6~ 4- 5im6~l - -  2/36i~5~,~, l~ot~,p~ : e~jpe~qVjV~. (1.2) 
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H e r e  u l is  the t r a n s l a t i o n  v e c t o r ,  f i  is  the  v o l u m e  dens i t y  of e x t e r n a l  f o r c e s ,  ~?ik is the i n c o m p a t i b i l i t y  t e n s o r ,  ei j  p is 

a uni t  s k e w - s y m m e t r i c  t e n s o r ,  X i k l m  and S p q / m  a r e  the  t e n s o r s  of e l a s t i c  m o d u l i  and of p l i ab i l i t y ,  and K and ~ the  

bulk and s h e a r  modu l i ,  r e s p e c t i v e l y .  

By d e c o m p o s i n g  the  o p e r a t o r s  and func t ions  into t h e i r  r e g u l a r  and r a n d o m  c o m p o n e n t s  i t  is  p o s s i b l e  to ob ta in  

the  fo l l owing  r e l a t i o n s h i p s :  

u( = - -  (MuLzm ~ + 8inJ(um>, (1.3) 

~ :  = - -  ( Mik~rnL~mpq -t- 6i(p6q)~) < ~pq>. (1.4) 

T h e  o p e r a t o r s  M and I2 a r e  de f ined  by the  m a t r i x  e q u a l i t i e s  

L M  q- I = O, L ~ (M> q - I  = 0, (1.5) 

wi th  the uni t  m a t r i x  I hav ing  5ij  as  i ts  e l e m e n t s  in the c a s e  of s econd  r a n k  and 5i(p6q)k in tha t  of rank  four .  R a n d o m  
and r e g u l a r  c o m p o n e n t s  a r e  deno ted ,  r e s p e c t i v e l y ,  by p r i m e s  and ang le  b r a c k e t s .  The  a v e r a g i n g  is c a r r i e d  out  o v e r  
r e g i o n s  w h o s e  d i m e n s i o n s  e x c e e d  the  spa t i a l  c o r r e l a t i o n  s c a l e  but  a r e  s m a l l  in c o m p a r i s o n  wi th  the d i s t a n c e s  o v e r  

wh ich  r e g u l a r  c o m p o n e n t s  of o p e r a t o r s  and func t ions  v a r y  subs t an t i a l l y .  

I n t roduc ing  o p e r a t o r s  X and M ~ 

X = M ~  ', <L) M ~ q- f = O, (1.6) 

we can  e x p r e s s  o p e r a t o r s  M and L ~ in the f o r m  

oo 

M = ~ ,  X'~M ~ 
o 

Expand ing  the  o p e r a t i o n a l  s e r i e s  we  ob ta in  

Z'  = R (Z>, 

n--1  kq-l~.<rt--1 

O,, = x " - -  N, x '~ ~ <x~> + 
P , = t  

QO 

- 1 

(1.7) 

co  

1 

~, X n-~-l(X~>(Xz>_... 
~ ,  I ~ t  

(1.8) 

(1.9) 

H e r e  Z is  u i o r  (~ij in m a t r i x  no ta t ion .  The  i n t e g r a l  o p e r a t o r  M ~ is de f ined  by the  r e g u l a r  G r e e n ' s  func t ion  [8] 

M ~  C , ]  = i  G ( r - - ~ ) / ( o ) d p .  (1.10) 

2. L e t  us apply the above  m e t h o d  to the  c a l c u l a t i o n  of e f f e c t i v e  e l a s t i c  modul i .  Within  a s i ng l e  g r a i n  the 
t r a n s i t i o n  f r o m  a nonun i fo rm  to a u n i f o r m  f i e ld  can  be  e f fec ted  with  only the  s i n g u l a r  p a r t s  of the d e r i v a t i v e s  of the 
G r e e n ' s  func t ions  taken into account .  T h i s  m a k e s  it  p o s s i b l e  to r e d u c e  the  o p e r a t o r  expans ion  def ined  by f o r m u l a s  
(1.8) and (1.9) to a n u m e r i c a l  one,  which  is  e q u i v a l e n t  to the  a p p r o x i m a t i o n  to loca l  bond. 

L e t  us  f i r s t  r e n o r m a l i z e  the equa t ions  of e q u i l i b r i u m ,  s e l e c t i n g  o p e r a t o r  (1.1) as  L. F r o m  e x p r e s s i o n  (1.8) we  
then  ob ta in  

ui' = Rib (uk>, e~i' = Hij~l (skl>. (2.'1) 

H e r e  e i j  = u(ij) is  the  s t r a i n  t e n s o r ,  and o p e r a t o r s  Hi jk l  and Rik a r e  bound by the obv ious  equa l i t y  

VjR~ (uk) = H~j~z (V~u~}. (2.2) 

L e t  us con f ine  o u r  a n a l y s i s  to u n i f o r m  m a c r o s t r a i n s  (ek/} = const .  The  s econd  d e r i v a t i v e  of the G r e e n ' s  func t ion  
is [15] 

GG ~ = G?) ,~(/) ..... r.(~) 6 (r) 6ij6~l - -  ~- 6ijkt , 

8aI <p~> r a [26ij (6~ - -  3%z) - -  • (6i:~l - -  3qh~z q- 15q~i~)] ; (2.3) 
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<3K +1~> 

# i ~  : nin~n~nt,  *i~ = n l n b  ni = xi  r - l "  (2.4) 

Here  G (-v and r(/) ., ~ ,.~, ~ define, respec t ive ly ,  the s ingu la r  and the fo rmal  par t s  of the derivat ive.  The p r e s e n c e  of 
the co- fae tor  5 (r) in the s ingular  pa r t  of the der iva t ive  t r ans fo rms  the in tegra l  opera tor  a ~ ! ~ .  into the constant  t ensor  

i j , k l  * : - -  

3K' 61x' <K + 2~t> 
Ko'--  <3K+41~> ' I~~ =--5<l~> <3K+41~> " (2.5) 

Thus,  the s ingular  par t  G~]I~ ~ , defines localized bonds, while the fo rmal  der iva t ive  G~! ~ ,, which is an integral  
opera tor ,  takes into account the deviat ion of s t ra in  within the boundar ies  of a g ra in  f rom its average  value ac ross  the 
lat ter .  Hence, in the  approximation of local bond between components  of the elast ic  field it is possible  to d i s regard  the 
t e r m s  G~ I ~ , ,  and a s sume  that G~i, ~ ~. G~} ), ~. 

Taking into account the relationships 

Ko ' ~ -  <Ko'~> = - -  Ko'~, ~ ' ~ - -  (1~o'2> = - -  ~o"1, 

3 (O - -  c~) (K1 - -  K~) - -  c~) (I-h. - -  IX2) <K + 2p,> 
~------- <3K+4~> , ~]~6(c~ 5<l~)<3K+4~> (2.6) 

f rom equal i t ies  (1.8), (1.9), (2.1), (2.2), (2.4), and (2.6)we obtain 

c o  c o  

<~kz>. (2. 7) 
\ 

0 0 
] 

Expression (2.7) makes it possible to write in explicit form the expression for tenser Hiikl which defines the 
relation between total stresses and strains at any arbitrary point of a material whose regular component of the stress 
tensor is 

e i j  = ( I i j~ l  + H u ~ + )  ( ~ m > ,  I u k ~  = 61(k61)j, 

- -  H i m  = X/3Ko, (! --  ,~)-1 5U6kz + llano' (t --  ~I)-IDuht, ~ i  = Arm <e~,~>, (2.8) 

Averaging express ion  (2.9), we obtain 

K ~ = <K> - -  D E  ( q K ~  + cdK 1 .+ a) -1 ; (2.10) 

I ~ = <1 ~> - -  D ~ ( c d ~  + c21~1 + b) -1 , 

D K ~. (K '~> ,  D~  ~ (~'~>, a -~ * /~t ,  b = X l ~ < V ) ( g K  + 8~) (K + 2F) -~. (2.11) 

Express ion  (2.3) shows that the averaging of the fo rma l  component  of the G r e e n ' s  function over angles yields  
zero.  This makes  it poss ib le  to obtain an approximat ion to local izat ion by another method-- that  of d i s regard ing  the 
angular  re la t ionsh ips  of the two-point  mixed co r re l a t ion  funct ions of e las t ic  moduli  and of s t ra ins .  Such an approach 
[10] also yields  re la t ionships  (2.11). 

3. Let us now r eno rma l i ze  the incompat ibi l i ty  equation in the approximat ion of local bonds between field 
components .  Choosing opera tor  {1.2) for  L in (1.8), for  the random component  of the s t r e s s  tensor  we obtain 

~U' = RUh~ <(~l). (3.I) 

The opera tor  Xijk/ in the express ion  of the random opera tor  Rijkl  may be wri t ten as 
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X ~  G ~-0 Rotrq~,s~.~z 

l 
- 3 <q) <3p + q> [(q) 6~5r, -k '/20 (2p + q} D~jM s ~ .  (3.2) 

Substi tuting he re  the explicit  expres s ion  of the random component of the pl iabi l i ty  t ensor  in accordance  with 
(1.2), we obtain 

1 s 1 ' 

3p'  3q' ( 2p  -~- q)  ( 3 . 3 )  
Po' ~ ( 3 p q - q )  ' qo' ~ 5 ( q )  ( 3 p @ q )  

Only the s ingu la r  pa r t s  of the der iva t ives  of the G r e e n ' s  funct ions were taken into cons idera t ion  in the 
calcula t ion of Xijk/ .  The dec rease  of the Green ' s  function at infinity and the opera tor  re la t ionship  5 (r)* : 1 were also 
taken into account. Thus,  the neglect  of the fo rmal  components of the der iva t ives  of the Green ' s  funct ions r e su l t s  in 
the degenera t ion  of the integral  opera to r  Xijkl into a random tensor  function, which is equivalent  to a change within 
gra in  boundar ies  f rom a nonuniform to a un i form elast ic  field. 

Taking into account that the product  of t ensor  functions Xijk/ is 

XijpqXpqkl = 1/3poS2~tj~hl ~ 1/2qo'~D~#,Z" 

and that 

f rom equal i t ies  (1.8), 

3 (cl - -  c~) (Pi - -  p~) 3 (ci - -  c~) (qx - -  q~) (2p  q-  q)  
a :-- (3p-]-q)  ' ~:--  5 ( q > ( 3 p - ~ q )  

(3.1), and (3.5) we find 

- -  Bi.Jhz = 1/3po' (t -- ~)-1 5i~5~z -I- i/~qo' (t - -  l~)-lD~jhz, 

(YiJ = (I i jhI  "q- R i jh l )  <(Yhl>, 8i j  = S i j k l  <Oh/> ,  

After averaging,  we obtain f rom this the upper  value of the e las t ic  pl iabi l i ty  tensor  

cl ~ 1 

c2 6 I @ 2 8 9 -1 1 i 

Here  K l and/~l are  the lower values  of the bulk and shear  moduli,  respect ively .  

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

Let us compare  the der iva t ion  of the effective tensors  of elast ic  moduli by the r eno rma l i za t ion  of the equations 
of equ i l ib r ium and incompatibi l i ty .  In the approximation of local ized random fields it is poss ib le  to p re sen t  both 
solut ions in the form of expansions.  However,  s ince c~ --~ 0 and /3~/ <- 0, one of these methods yields  a f ixed-s ign  and 
the other an a l t e rna t ing  expansion. Thus, when the concent ra t ion  of the const i tuent  of higher moduli  of e las t ic i ty  
exceeds that of the second const i tuent ,  the r enormal i za t ion  of the equi l ibr ium equation resu l t s  in an a l te rna t ing  
expansion,  and ~ > 0 and ~ > 0. Otherwise a f ixed-s ign  expansion is obtained when the incompat ibi l i ty  equations are  
r eno rma l i zed .  

4. F o r m u l a s  (2.11) and (3.11) provide  approximate  values  of the effective bulk and shear  moduli of e las t ic i ty .  
The approximat ion  of localized bond between the random and the r egu la r  components of the e las t ic  field was used in 
the der iva t ion  of both fo rmulas .  It follows f rom this that, in the case of an inhomogeneous ma te r i a l  in which the 
random s t r e s s  and s t r a in  t ensors  a re  un i form within the boundar ies  of a gra in ,  these fo rmulas  exactly define the 
effective modul i  of e last ic i ty .  Fo rmu la s  (2.11) and (3.11) a re  also val id in the absence of localized bonds, provided 
however, that the na tu re  of the nonlocal ized bonds is not affected when mul t iphase  in terac t ions  a re  allowed for,  i. e . ,  
when account for such in terac t ions  does not r equ i r e  the introduct ion of mult ipoint  moments  of e las t ic  moduli .  The 
s imples t  model of this kind is that of a m a t e r i a l  whose bulk modulus  only is nonuniform. In fact,  f rom equali t ies  
(1.8)-(1.10) and (2.1)-(2.4) we find that the random component  of the s t r a in  t ensor  in f i r s t  and second approximat ions  
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a re  

1| [6 6r 3 Gis = --< 3K +-41z> u (r) -~- ~ (6ik -- 3~ik)], 

O (1) = K', 0 (3) = K'[t -- K' <K -[- % ~t)-~]. (4.1) 

F o r  a m a t e r i a l  with a nonuniform bulk modulus but with the same shea r  moduli  of its phases ,  both fo rmulas  
(2.11) and (3.11) yield the s a m e  r e su l t s  [1, 16]: 

O K 
K u = <K> - -  c~K~ + c2K1 + %p, ' 

'el C2 i / l \  ~ k,/-kT+XT 3 ~-~ l 
- + - ~ )  = 7  K z \ F / - -  "%IK (4.2) 

When both the K and the # moduli  a r e  nonuniform, the i r  bounds are ,  according  to Hashin and Shtr ikman [17], 
def ined by the fol lowing express ions :  

D K .D+ 
K• =<K> --  c l K 2 + c ~ K x - t - a ~ '  ~-+---- <[~) cl ,u~+c~l-] -b+ (4.3) 

P a r a m e t e r s  a:~ and b+ a re  defined by equal i t ies  (2.11) in which the e las t ic  moduli  of the f i r s t  (subscr ipt  plus) 
and of the second (subscr ipt  minus) const i tutents  a re  subst i tuted fo r  (K) and (#) on the assumpt ion that K1 > K 2 and 
/It >/~2. S imi la r ly ,  the Hashin va lues  of K i and #:L may be der ived  fo r  pl iabi l i ty  f r o m  fo rmu la s  (3.11) by a 
co r re spond ing  substi tut ion in the co r r e l a t i on  c o r r e c t i o n s  to the f i r s t -  and second-phase  p l iab i l i t i es  for  the mean 
va lues  ( l /K)  and (1/#) of these.  

It fol lows f r o m  the above that r e la t ionsh ips  (2.11) and (3.11) can also be obtained by the Hash in-Sht r ikman  method 
by a f o r m a l  subst i tut ion of <#) and (1/#) -1 fo r  #i,  and s i m i l a r l y  for  K. It appears  that in this case/~l  - #u < #+ _ #. 
This apparent ly was f i r s t  pointed out by Aleksandrov  [14] while analyzing the p rob lem of na r rowing  the bounds of 

e l a s t i c  moduli  of cubic po lyc rys ta l s .  

5. Depending on the re la t ion  between the p a r a m e t e r s  of a blend its t rue  e las t ic  moduli  may l ie  e i the r  in the 
midd le  of thei r  bounds o r  c lose  to the l a t t e r  [18]. It is in te res t ing ,  in th i s  context,  to develop an a lgor i thm which would 
make  it poss ib le  to indicate  approximate ly  the posi t ion of the e las t ic  modulus within known bounds. F o r  this we shal l  
r e q u i r e  the co inc idence  of the two expres s ions  (2.11) and (3.11). The n e c e s s a r y  and suff icient  condition for  such 
co inc idence  is fo r  the second t e r m s  in fo rmu la s  (2.11) and (3.11) to sa t is fy  the following re la t ionships :  

<K) = <ilK) -1, <~t) = <lll~) -1. (5.1) 

Re la t ionsh ips  (5.1) a re  sa t i s f ied  in two cases :  when the e las t ic  moduli  co inc ide  (it was this t r iv ia l  case  which was 
used by Hashin and Shtr ikman fo r  es tab l i sh ing  the bounds), and when the moduli  a r e  the ef fec t ive  and not the average  
ones.  Let  us a s sume  the la t ter ,  and subst i tute  into the second t e r m s  of (2.11) and (3.11) the e f fec t ive  values of e las t ic  

moduli  fo r  the i r  mean  values.  We then obtain in the two ca se s  the same fo rmulas  

K* = <K) - -  DK (clK3+ c2K1 + 4/3 9") -I, 

~* (9K* -{- 8p.*) -t ,* : t <5.2) 

Rela t ionsh ips  (5.2) r e p r e s e n t  a sys tem of two equations in two unknowns, whose solution y ie lds  the sought 

modul i  of e las t ic i ty .  It is read i ly  seen  that f r o m  the inequal i t ies  

K ~ ( i / K ) - ~ K * ~ ( K ) ~ K ~ ,  ~t2 ~ (~ / ~)--1 ~ ~t* ~ <~) ~ ~1 (5.3) 

fol lows 

K ~ K Z ~ K * ~ K U < K ~ ,  p._~ z ~  ~ , ~  .~[~,. (5.4 i 

Although K+, K_, /~+, #_ have been de te rmined  fo r  (K 1 -- K2)(iz 1 -/12) > 0, the bounds fo r  K and# ,  de te rmined  by 
f o r m u l a s  (2.11) and (3.11), a r e  valid fo r  any sign of the product  of d i f fe rences  of moduli.  
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As an example,  let us cons ider  a mechanica l  mix tu re  whose every const i tuent  is such that the re la t ion  K = 4#/3  
is sat isf ied.  I n t h i s c a s e ,  equali t ies  (5.2) reduce  to a quadrat ic  equation whose solution is of the form 

K* = ' / ~ t *  = ~/2(c~ - -  c2) (K~ - -  Ke) + [K~K2 -l- l h  (cl - -  @~(K~ - -  K2)~IV'. (5.5) 

If Cl = e2, express ion  (5.5) resu l t s  in a geomet r ic  mean  which coincides with the known empi r i ca l  rule  of 
L ich tenacker  [19, 20], 

In K *  = c~ In K 1 -~- c 2 In K~ = I n ] / ' K 1 K  2 . ( 5 ,  6 )  

Equal i t ies  (5.2) were  derived with the use of the theory of random functions without, however, taking into account 
the extent of the bond between const i tuents .  Hence the obtained re su l t s  mus t  be applied with caution to mat r ix  mix tu res  
in which one of the const i tuents  occupies a s imply connected region and the second a mult iply connected one. This 
applies,  in pa r t i cu l a r ,  to porous media.  Thus, putting K 2 = #2 = 0, f rom Eqs. (5.2) we obtain 

8x ~ ~- [37(2 -I- e~) -~ 4(3--5@1z -]- 9(t -- 2@7 = 0, 

z - ~ v . * / ~ t ,  7--- K1/~1. (5.7) 

and, also, the t r iv ia l  roots #* = K* = 0, which indicates  a poss ib le  breakdown of the ma te r i a l  cohesion. 

It will be seen f rom Eq. (5.7) that there  a re  no posi t ive  roots when ct < 1/2, while for  c 1 > 1 2 the equation 
admits  posi t ive  solutions.  Fo r  example,  for  7 = 4/3 we have x = 1 - 2e2, which coincides with the r e su l t s  of 
calculat ion by the method of v i r i a l  expansion in the approximation to l inear  concentra t ion.  
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